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MULTILINEAR HARDY-CESA`RO OPERATOR AND
COMMUTATOR ON THE PRODUCT OF MORREY-HERZ
SPACES
NGUYEN MINH CHUONG, NGUYEN THI HONG, AND HA DUY HUNG⋆
Abstract. We obtain sufficient and necessary conditions on weight func-
tions s1(t), . . . , sm(t) and ψ(t) so that the weighted multilinear Hardy-
Cesa`ro operator
(f1, . . . , fm) 7→
∫
[0,1]n
(
n∏
k=1
fk (sk(t)x)
)
ψ(t)dt
is bounded from K˙α1,p1q1 (ω1) × · · · × K˙
αm,pm
qm
(ωm) to K˙
α,p
q (ω) and from
MK˙α1,λ1p1,q1 (ω1) × · · · × MK˙
αm,λm
pm,qm
(ωm) to MK˙
α,λ
p,q (ω). The sharp bounds
are also obtained and these results hold for both cases 0 < p < 1 and
1 ≤ p <∞. We give a sufficient condition so that if symbols b1, . . . , bm are
Lipschitz, then the commutator of the weighted Hardy-Cesa`ro operator
(f1, . . . , fm) 7→
∫
[0,1]n
(
m∏
k=1
fk (sk(t)x)
)(
m∏
k=1
(bk(x)− bk (sk(t)x))
)
ψ(t)dt
is bounded from MK˙α1,λ1p1,q1 (ω1) × · · · × MK˙
αm,λm
pm,qm
(ωm) to MK˙
α′,λ
p,q (ω) for
both cases 0 < p < 1 and 1 ≤ p < ∞. By these we extend and strengthen
previous results deu to Tang, Xue, and Zhou [16].
1. Introduction
Let ψ : (0, 1] → R≥0 then the weighted Hardy-Littlewood average operator
Uψ is defined as the following
(1.1) Uψf(x) =
1∫
0
f(tx)ψ(t)dt, x ∈ Rd.
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In 2001, J. Xiao [14] obtained an interesting result that Uψ is bounded on
Lp(Rd), with 1 < p <∞, if and only if
(1.2)
1∫
0
t−d/pψ(t)dt <∞.
Moreover, the corresponding operator norm is
(1.3) ‖Uψ‖Lp =
1∫
0
t−d/pψ(t)dt.
In case ψ ≡ 1, Uψ reduces to the classical Hardy operator S, where
Sf(x) =
1
x
x∫
0
f(t)dt.
Thus Xiao’s result reduces the classical Hardy’s integral inequality: if f ≥ 0,
1 < p <∞ then
∞∫
0
1
x
x∫
0
f(t)dt
p dx ≤ ( p
p− 1
)p ∞∫
0
f(x)pdx,
and the constant
(
p
p− 1
)p
is the best possible.
Xiao’s results has been followed by a vast amount of research geared towards
understanding the weighted Hardy-Littlewood average operators Uψ, see for
examples [1, 5, 6, 8, 7, 9, 13, 16] and the references therein. These includes
the work of Chuong and Hung in [1], where they introduced a class of integral
transforms as follows.
Definition 1.1. Let ψ : [0, 1]→ [0,∞), s : [0, 1]→ R be measurable functions.
The weighted Hardy-Cesa`ro operator Uψ,s, associated to the parameter curve
s(x, t) := s(t)x, is defined by
(1.4) Uψ,sf(x) =
1∫
0
f (s(t)x)ψ(t)dt,
for all measurable complex valued functions f on Rd.
It turns out that such operators are still keeping almost all nice properties
as the weighted Hardy-Littlewood average operators. With certain conditions
on functions s and ω, the authors [1] proved Uψ,s is bounded on weighted
Lebesgue spaces and weighted BMO spaces. The corresponding operator
norms are worked out too. The authors also give a necessary condition on the
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weight function ψ, for the boundedness of the commutators of operator Uψ,s
on weighted Lebesgue spaces and BMO spaces, with homogeneous weights.
Recently, Hung and Ky [11] introduced the weighted multilinear Hardy-
Cesa`ro operator which was defined as following
Definition 1.2. Let m,n ∈ N, ψ : [0, 1]n → [0,∞), s1, . . . , sm : [0, 1]
n → R
be measurable functions. Given f1, . . . , fm : R
d → C be measurable functions.
The weighted multilinear Hardy-Cesa`ro operator Um,nψ,~s , is defined by
(1.5) Um,nψ,~s (f1, . . . , fm) (x) =
∫
[0,1]n
(
n∏
k=1
fk (sk(t)x)
)
ψ(t)dt,
where ~s = (s1, . . . , sm) .
When sk(t) ≡ t, and m = n, U
m,n
ψ,~s turns to H
m
ψ which was introduced by Fu
etc. [4]. In [11], the authors obtain the sharp bounds of Um,nψ,~s on the product
of Lebesgue spaces and central Morrey spaces. More details, under certain
conditions, they proved that Um,n
ψ,−→s
is bounded from Lp1ω1
(
Rd
)
× · · · ×Lpmωm
(
Rd
)
to Lpω
(
Rd
)
if and only if
(1.6) A =
∫
[0,1]n
(
m∏
i=1
|si(t)|
−
d+γi
pi
)
ψ(t)dt <∞.
Furthermore,
(1.7)
∥∥∥Um,nψ,−→s ∥∥∥
L
p1
ω1(Rd)×···×L
pm
ωm(Rd)→L
p
ω(Rd)
= A.
They also proved sufficient and necessary conditions of the weighted func-
tions so that the commutators of Um,nψ,~s (with symbols in central BMO spaces)
are bounded on the product of central Morrey spaces. Their results extends
known results obtained by Fu, Gong, Lu and Yuan in [4] and by Chuong, Hung
in [1].
It is well known that Herz and Morrey-Herz spaces are natural generalisa-
tions of Lebesgue spaces with power weights (see definitions in Section 2). So
it is natural to study the boundedness and bounds of Um,nψ,~s on these functional
spaces. Such problems for the weighted Hardy-Littlewood average operator
Uψ are studied in [6, 13]. Results for the boundedness and bounds of H
m
ψ on
the product of Morrey- Herz spaces, was recently obtained by Gong, Fu and
Ma in [9]. In this paper, we obtain necessary and sufficient conditions for the
weighted boundedness of the Hardy-Cesa`ro operators for the product of Herz
and Morrey-Herz spaces. In each cases, the estimates for operator norms are
worked out.
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On the other hand, recently Tang, Xue, and Zhou [16] find a sufficient
condition on weights so that Uψ is bounded on Morrey-Herz spaces. In this
paper we make use of another approach which allows us to obtain a sufficient
condition in terms of a finite integrals on ψ and s1, . . . , sm such that U
m,n,~b
ψ,~s
(see definition in Section 4) is bounded on the product of Morrey-Herz spaces.
When reduce to the case of Uψ, we will show that our sufficient condition is
weaker than one obtained in [16].
Our paper is organized as follows. In Section 2 we give necessary prelim-
inaries on Morrey-Herz spaces and on a class of homogeneous weights. In
Section 3, we prove the theorems on the bounds and boundedness of multilin-
ear Hardy-Cesa`ro operator in the product of Morrey-Herz spaces. In Section
4, we give a sufficient condition on weights such that the commutator of Um,nψ,~s ,
with symbols are Lipschitz, is bounded on the product of Morrey-Herz spaces.
2. Preliminaries
Throughout this paper ω(x) will be denote a nonnegative measurable func-
tion on Rd, and Lqω(R
d) be the space of all measurable functions f such that
‖f‖q,ω =
∫
Rd
|f(x)|qω(x)dx
1/q <∞.
In the following definitions χk = χCk ;Ck = Bk \ Bk−1 and Bk = {x ∈ R
d :
|x| ≤ 2k}, for k ∈ Z, where χE is the characteristic function of a set E.
Definition 2.1. Let α ∈ R, 0 < p ≤ ∞, 0 < q ≤ ∞. The weighted homoge-
neous Herz-type space K˙α,pq (ω) is defined by
(2.1) K˙α,pq (ω) = {f ∈ L
q
loc
(Rd \ {0}, ω) : ‖f‖K˙α,pq (ω) <∞},
where
(2.2) ‖f‖K˙α,pq (ω) =
{
∞∑
k=−∞
2kαp||fχk||
p
q,ω
}1/p
.
(The usual modifications are made when p =∞ and/or q =∞.)
Definition 2.2. Let α ∈ R, 0 < p ≤ ∞, 0 < q ≤ ∞, λ ≥ 0 and ω be
non-negative weighted function. The homogeneous weighted Morrey-Herz-type
space MK˙α,λp,q (ω) is defined by
(2.3) MK˙α,λp,q (ω) = {f ∈ L
q
loc
(Rd \ {0}, ω) : ‖f‖MK˙α,λp,q (ω) <∞},
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where
(2.4) ‖f‖MK˙α,λp,q (ω) = sup
k0∈Z
2−k0λ
{
k0∑
k=−∞
2kαp||fχk||
p
q,ω
}1/p
,
with the usual modifications made when p =∞ or q =∞.
If ω ≡ 1, then we denote K˙α,pq (ω) and MK˙
α,λ
p,q (ω) respectively by K˙
α,p
q (R
d)
and MK˙α,λp,q (R
d), which are standard Herz spaces. Obviously, K˙0,pp (R
d) =
Lp(Rd) for 0 < p ≤ ∞; K˙
α
p
,p
p (Rd) = Lp(|x|αdx)(Rd) for all 0 < p ≤ ∞ and
α ∈ R. Meanwhile, MK˙α,0p,q (R
d) = K˙α,pq (R
d), so the special cases of Morrey-
Herz spaces are Herz spaces.
We would like to recall the definition of the class of homogeneous weights
introduced by [1].
Definition 2.3. Let γ be a real number. Let Wγ be the set of all functions
ω on Rd, which are measurable, ω(x) > 0 for almost everywhere x ∈ Rd,
0 <
∫
Sd
ω(y)σ(y) < ∞, and are absolutely homogeneous of degree γ, that is
ω(tx) = |t|γω(x), for all t ∈ R \ {0}, x ∈ Rd.
We remark thatW =
⋃
γ
Wγ contains strictly the set of power weights ω(x) =
|x|γ. For further discussions, we refer to [1].
Throughout the whole paper, Sd = {x ∈ R
d : |x| = 1} and we also denote
Sd =
2π
d
2
Γ(d
2
)
. By ω we will denote a weight from Wγ , where γ > −d. We also
denote by ψ a nonnegative and measurable function on [0, 1]n.
Definition 2.4. Suppose that 0 < β < 1, the Lipschitz space Lipβ(Rn) is
defined as the set of all functions f : Rn → C such that
(2.5) ||f ||Lipβ(Rn) := sup
x,y∈Rn,x 6=y
|f(x)− f(y)|
|x− y|β
<∞.
If (X, ‖·‖), (X1, ‖·‖1), . . . , (Xm, ‖·‖m) are normed spaces and T is a sublinear
operator T : X1 × · · · ×Xm → X then we set
(2.6) ‖T‖X1×···×Xm→X = sup
‖x1‖1≤1,...,‖xm‖m≤1
‖T (x1, . . . , xm)‖.
3. Boundedness of Um,nψ,~s on the product of Herz and
Morrey-Herz spaces
In this section we will state and prove the results on the boundedness and
bounds of the multilinear Hardy-Cesa`ro operators on the product of Herz
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spaces and Morrey-Herz spaces. Before state our main results, let us intro-
duction some notations.
Throughout this section, β > 0, γ, α, α1, . . . , αm are real numbers, γ1, . . . , γm >
−d, 0 < p < ∞, 1 ≤ q < ∞, 1 ≤ pi, qi < ∞ for i = 1, . . . , m and
λ, λ1, . . . , λm ≥ 0. All such constants satisfy the following relations
α1 + α2 + · · ·+ αm = α,
1
p1
+
1
p2
+ · · ·+
1
pm
=
1
p
,
1
q1
+
1
q2
+ · · ·+
1
qm
=
1
q
,
γ1
q1
+
γ2
q2
+ · · ·+
γm
qm
=
γ
q
,
λ1 + λ2 + · · ·+ λm = λ.
Functions ωi belong to Wγi for all i = 1, . . . , m, and we set
(3.1) ω(x) =
m∏
i=1
ω
q
qi
i (x).
Obviously that ω ∈ Wγ . Such weights ω as defined in (3.1) arise naturally in
the theory of multilinear operators.
The main results in this section are as follows
Theorem 3.1. (i) Let s1(t), . . . , sm(t) 6= 0 almost everywhere in [0, 1]
n and
(3.2) A1 =
∫
[0,1]n
(
m∏
i=1
|si(t)|
−αi−
d+γi
qi
+λi
)
ψ(t)dt <∞.
Suppose that 1 ≤ p <∞ or 0 < p < 1 and at least one of λ1, . . . , λm is positive.
Then
(3.3) ‖Um,nψ,~s (f1, . . . , fm)‖MK˙α,λp,q (ω) ≤ C~α,~λ · A1 ·
m∏
i=1
‖fi‖MK˙αi,λipi,qi (ωi)
.
Here
C~α,~λ =

m∏
k=1
(
2|αk−λk| + 1
)
if 1 ≤ p <∞
2λ
(2λp − 1)1/p
m∏
k=1
(
2|αk−λk | + 1
)
if 0 < p < 1 and λ > 0.
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(ii) Conversely, let 0 < p < ∞, 0 < λi < ∞ for i = 1, . . . , m. Suppose that
Um,nψ,~s is defined as a bounded operator from MK˙
α1,λ1
p1,q1 (ω1)×· · ·×MK˙
αm ,λm
pm,qm (ωm)
to MK˙α,λp,q (ω). Then we have that (3.1) holds and
(3.4) ‖Um,nψ,~s ‖MK˙α1,λ1p1,q1 (ω1)×···×MK˙
αm,λm
pm,qm (ωm)→MK˙
α,λ
p,q (ω)
≥ A1 ·D~α,~λ,
where
D~α,~λ =
m∏
i=1
(2λipi − 1)1/pi
(2λp − 1)1/p
·
(
1− 2−q(λ−α)
)1/q
m∏
i=1
(1− 2−qi(λi−αi))1/qi
·
m∏
i=1
(qi(λi − αi))
1/qi
(q(λ− α))1/q
·
(ω(Sd))
1/q
m∏
i=1
(ωi(Sd))
1/qi
.
Theorem 3.2. (i) If 1 ≤ p < ∞, s1(t), . . . , sm(t) 6= 0 almost everywhere in
[0, 1]n and
(3.5) A2 =
∫
[0,1]n
(
m∏
i=1
|si(t)|
−
d+γi
qi
−αi
)
ψ(t)dt <∞,
then
(3.6) ‖Um,nψ,~s (f1, . . . , fm)‖K˙α,pq (ω) ≤ A2 ·
m∏
k=1
(
2|αk| + 1
)
·
m∏
i=1
‖fi‖K˙αi,piqi (ωi)
(ii) Let assume that |si(t1, . . . , tm)| ≥ min{t
β
1 , . . . , t
β
m} for i = 1, . . . , m and
Um,nψ,~s is bounded from K˙
α1,p1
q1 (ω1) × · · · × K˙
αm,pm
qm (ωm) to K˙
α,p
q (ω). Then (3.5)
holds and
(3.7) ‖Um,nψ,~s ‖K˙α1,p1q1 (ω1)×···×K˙
αm,pm
qm (ωm)→K˙
α,p
q (ω)
≥ A2 · E~α.
Where
E~α =
(mp)1/p
m∏
i=1
p
1/pi
i
·
(
2qα − 1
qα
)1/q
·
m∏
i=1
(
qiαi
2qiαi − 1
)1/qi
·
(ω(Sd))
1/q
m∏
i=1
(ωi(Sd))
1/qi
.
When α1 = · · · = αm = 0 we obtain the boundedness and bounds for
multilinear Hardy-Cesa`ro operator on the product Lebesgue spaces. However,
the results are worse than those obtained in [11]. In fact, Hung and Ky [11,
Theorem 3.1] proved that the norm of Um,nψ,~s from L
p1
ω1
× · · · × Lpmωm to L
p
ω is
exactly
∫
[0,1]n
(
m∏
i=1
|si(t)|
−
d+γi
qi
−αi
)
ψ(t)dt.
Proof of Theorem 3.1. Suppose that s1(t), . . . , sm(t) 6= 0 a.e t ∈ [0, 1]
n such
that (3.1) holds. Fix an k ∈ Z and consider functions fi ∈ MK˙
αi,λi
pi,qi
(ωi) for
i = 1, . . . , m. By Ho¨lder, Minkowski inequalities
‖Um,nψ,~s (f1, . . . , fm)χk‖q,ω
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≤
∫
[0,1]n
m∏
i=1
∫
Ck
|fi(si(t)x)|
qi ωi(x)dx
1/qi ψ(t)dt
≤
∫
[0,1]n
m∏
i=1
 ∫
si(t)Ck
|fi(x)|
qi |si(t)|
−d−γiωi(x)dx

1/qi
ψ(t)dt
≤
∫
[0,1]n
(
m∏
i=1
|si(t)|
−
d+γi
qi
)
·
m∏
i=1
 ∫
si(t)Ck
|fi(x)|
qiωi(x)dx

1/qi
· ψ(t)dt.
For each t such that |s1(t) · · · sm(t)| > 0, there exists integer numbers ℓ1, . . . , ℓm
such that 2ℓi−1 < |si(t)| ≤ 2
ℓi for i = 1, . . . , m. After setting ψ~s(t) =(
m∏
i=1
|si(t)|
−
d+γi
qi
)
ψ(t), we have that
‖Um,nψ,~s (f1, . . . , fm)χk‖q,ω
≤
∫
[0,1]n
m∏
i=1
 ∫
Ck+ℓi−1∪Ck+ℓi
|fi(x)|
qiωi(x)dx

1/qi
ψ~s(t)dt
≤
∫
[0,1]n
m∏
i=1
(‖fiχk+ℓi−1‖qi,ωi + ‖fiχk+ℓi‖qi,ωi)ψ~s(t)dt.
Thus,
(3.8)
‖Um,nψ,~s (f1, . . . , fm)χk‖q,ω ≤
∫
[0,1]n
m∏
i=1
(‖fiχk+ℓi−1‖qi,ωi + ‖fiχk+ℓi‖qi,ωi)ψ~s(t)dt.
Now we consider the following cases:
Case 1: Suppose that 1 ≤ p <∞. To estimate the norm of Um,nψ,~s (f1, . . . , fm)
in MK˙α,λp,q (ω) space, we shall require the Minkowski integral inequality in the
following form.
Lemma 3.1. Let p ≥ 1 and (fk)k≥1 be nonnegative and measurable functions
on [0, 1]n. Then
∞∑
k=1
 ∫
[0,1]n
fk(t)dt

p
≤
 ∫
[0,1]n
(
∞∑
k=1
f pk (t)
)1/p
dt

p
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Since the proof of Lemma 3.1 is straightforward by using the characterization
of ℓp-norm, it is left to the reader. Consequently, by the definition of Um,nψ,~s ,
Ho¨lder’s inequality, Lemma 3.1 and (3.3) one has
‖Um,nψ,~s (f1, . . . , fm)‖MK˙α,λp,q (ω)
= sup
k0∈Z
2−k0λ
(
k0∑
k=−∞
2kαp‖Um,nψ,~s (f1, . . . , fm)χk‖
p
q,ω
)1/p
≤ sup
k0∈Z
2−k0λ
 k0∑
k=−∞
2kαp
 ∫
[0,1]n
m∏
i=1
(‖fiχk+ℓi−1‖qi,ωi + ‖fiχk+ℓi‖qi,ωi)ψ~s(t)dt

p
1/p
≤ sup
k0∈Z
2−k0λ
∫
[0,1]n
(
k0∑
k=−∞
2kαp
m∏
i=1
(‖fiχk+ℓi−1‖qi,ωi + ‖fiχk+ℓi‖qi,ωi)
p
)1/p
ψ~s(t)dt
≤ sup
k0∈Z
2−k0λ
∫
[0,1]n
m∏
i=1
(
k0∑
k=−∞
2kαipi (‖fiχk+ℓi−1‖qi,ωi + ‖fiχk+ℓi‖qi,ωi)
pi
)1/pi
ψ~s(t)dt
≤ sup
k0∈Z
∫
[0,1]n
m∏
i=1
2−k0λi

(
k0∑
k=−∞
2kαipi||fiχk+ℓi−1||
pi
qi,ωi
)1/pi
+
(
k0∑
k=−∞
2kαipi||fiχk+ℓi||
pi
qi,ωi
)1/piψ~s(t)dt
≤
m∏
i=1
‖fi‖MK˙αi,λipi,qi (ωi)
∫
[0,1]n
m∏
i=1
(
2−(ℓi−1)(αi−λi) + 2−ℓi(αi−λi)
)
ψ~s(t)dt
≤
m∏
i=1
(
2|αi−λi| + 1
) m∏
i=1
‖fi‖MK˙αi,λipi,qi (ωi)
∫
[0,1]n
(
m∏
i=1
|si(t)|
−αi−
d+γi
qi
+λi
)
ψ(t)dt.
Therefore,
‖Um,nψ,~s (f1, . . . , fm)‖MK˙α,λp,q (ω) ≤ C~α,~λ · A1 ·
m∏
i=1
‖fi‖MK˙αi,λipi,qi (ωi)
.
It means that Um,nψ,~s is bounded from MK˙
α1,λ1
p1,q1
(ω1) × · · · ×MK˙
αm,λm
pm,qm (ωm) to
MK˙α,λp,q (ω) and its norm is not greater than C~α,~λ · A1.
Case 2: Suppose that 0 < p < 1 and λ1, . . . , λm are not equal to zero. We
shall need the following lemma.
Lemma 3.2. If f ∈MK˙α,λp,q (ω) then ‖fχk‖q,ω ≤ 2
k(λ−α)‖f‖MK˙α,λp,q (ω).
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The proof of Lemma 3.2 follows directly from Definition 2.2, thus we omit
it here. By (3.9) and Lemma 3.2, we have
‖Um,nψ,~s (f1, . . . , fm)‖MK˙α,λp,q (ω)
≤ sup
k0∈Z
2−k0λ
 k0∑
k=−∞
2kpα
 ∫
[0,1]n
m∏
i=1
(‖fiχk+ℓi−1‖qi,ωi + ‖fiχk+ℓi‖qi,ωi)ψ~s(t)dt

p
1/p
≤ sup
k0∈Z
2−k0λ
 k0∑
k=−∞
2kpα
 ∫
[0,1]n
m∏
i=1
(
2(k+ℓi−1)(λi−αi) + 2(k+ℓi)(λi−αi)
)
‖fi‖MK˙αi,λipi,qi (ωi)
ψ~s(t)dt

p
1/p
≤
m∏
i=1
(
2|αi−λi| + 1
)( m∏
i=1
‖fi‖MK˙αi,λipi,qi (ωi)
) ∫
[0,1]n
m∏
i=1
|si(t)|
λi−αiψ~s(t)dt
 sup
k0∈Z
(
k0∑
k=−∞
2(k−k0)λp
)1/p
.
We here remind that λ = λ1 + · · ·+ λm and α = α1 + · · ·+ αm. Since λ > 0,
the series
k0∑
k=−∞
2(k−k0)λp is convergent and its sum is
2λp
2λp − 1
. Therefore
‖Um,nψ,~s (f1, . . . , fm)‖MK˙α,λp,q (ω) ≤ C~α,~λ · A1 ·
(
m∏
i=1
‖fi‖MK˙αi,λipi,qi (ωi)
)
,
as desired.
Now, we assume that Um,nψ,~s is defined as a bounded operator fromMK˙
α1,λ1
p1,q1
(ω1)×
· · · ×MK˙αm,λmpm,qm (ωm) to MK˙
α,λ
p,q (ω). Hence,
(3.9)
‖Um,nψ,~s (f1, . . . , fm)‖MK˙α,λp,q (ω) ≤ ‖U
m,n
ψ,~s ‖MK˙α1,λ1p1,q1 (ω1)×···×MK˙
αm,λm
pm,qm (ωm)→MK˙
α,λ
p,q (ω)
m∏
i=1
‖fi‖MK˙αi,λipi,qi (ωi)
.
For each i = 1, . . . , m we set
(3.10) fi(x) = |x|
−αi−
d+γi
qi
+λi .
Then, it is not hard to see that
(3.11) ‖fi‖MK˙αi,λipi,qi (ωi)
=
2λi
(2λipi − 1)1/pi
·
(
1− 2−qi(λi−αi)
qi(λi − αi)
)1/qi
· (ωi(Sd))
1/qi ,
and
Um,nψ,~s (f1, . . . , fm)(x) = |x|
−α+λ− d+γ
q
∫
[0,1]n
m∏
i=1
|si(t)|
−αi+λi−
d+γi
qi ψ(t)dt.
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This implies that
(3.12)
‖Um,nψ,~s (f1, . . . , fm)‖MK˙α,λp,q (ω) = A ·
2λ
(2λp − 1)1/p
·
(
1− 2−q(λ−α)
q(λ− α)
)1/q
· (ω(Sd))
1/q .
Therefore, by (3.9), (3.11) and (3.12), we get (3.7). This completes the proof
of Theorem 3.1. 
Proof of Theorem 3.2. Since Morrey-Herz spaces MK˙α,λp,q (ω) reduces to Herz
spaces K˙α,pq (ω), thus part (i) of Theorem 3.2 is a special case of Theorem 3.1,
part (i). To prove the second part, we suppose that Um,nψ,~s is bounded from
K˙α1,p1q1 (ω1)× · · · × K˙
αm,pm
qm (ωm) to K˙
α,p
q (ω). Fix 0 < ǫ < 1, for i = 1, . . . , m we
set
fi(x) =
{
0 if |x| ≤ 1
|x|
−αi−
d+γi
qi
−ǫ
if |x| > 1.
Then, a simple computation gives fi ∈ K˙
αi,pi
qi
(ωi) and
‖fi‖K˙αi,piqi (ωi)
=
1
(2ǫpi − 1)1/pi
·
(
2qi(αi+ǫ) − 1
qi(αi + ǫ)
)1/qi
· (ωi(Sd))
1/qi .
We see that
Um,nψ,~s (f1, . . . , fm)(x) = |x|
−α− d+γ
q
−mǫ
∫
Ex
m∏
i=1
|si(t)|
−αi−
d+γi
qi
−ǫ
ψ(t)dt,
here Ex is the set of t ∈ [0, 1]
n such that |si(t)x| > 1. By the assumption of
the hypothesis, |si(t1, . . . , tn)| ≥ min{t1, . . . , tn}
β, it gives [1/|x|1/β, 1] ⊂ Ex for
any |x| > 1. Let k0 be the smallest integer number such that 2
(1−k)/β < ǫ for
any k ≥ k0. Then
‖Um,nψ,~s (f1, . . . , fm)‖
p
K˙α,pq (ω)
≥
∞∑
k=k0
2kαp
 ∫
2k−1<|x|≤2k
|x|−(α+mǫ)q−(d+γ)ω(x)
 ∫
[2(1−k)/β ,1]n
m∏
i=1
|si(t)|
−αi−
d+γi
qi
−ǫ
ψ(t)dt

q
dx

p/q
≥
(
∞∑
k=k0
2−kpmǫ
)
·
(
2q(α+mǫ) − 1
q(α+mǫ)
)p/q
· (ω(Sd))
p/q ·
 ∫
[ǫ,1]n
m∏
i=1
|si(t)|
−αi−
d+γi
qi
−ǫ
ψ(t)dt

p
.
On the other hand
m∏
i=1
‖fi‖K˙αi,piqi (ωi)
=
m∏
i=1
(
1
(2ǫpi − 1)1/pi
·
(
2qi(αi+ǫ) − 1
qi(αi + ǫ)
)1/qi
· (ωi(Sd))
1/qi
)
.
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Thus, letting ǫ → 0, by the Lebesgue’s dominated convergence Theorem and
the obove estimate give (3.5). This completes the proof of Theorem 3.2. 
4. Commutator of weighted multilinear Hardy-Cesa`ro operator
In 1976, a famous result of Coifman, Rochberg and Weiss [3] stated that if
b ∈ BMO(Rd) then the commutator [b, T ] is bounded on Lp(Rd) for every p ∈
(1,∞) and T is a classical Caldero´n-Zygmund operator. Moreover BMO(Rd)
is the largest space having this property. Similarly to the classical result of
Coifman-Rochberg-Weiss, Z.W. Fu, Z.G. Liu and S.Z. Lu [5] proved that if
b ∈ BMO(Rd) then [b, Uψ] is bounded on L
p(Rd) if and only if
(4.1)
1∫
0
t−d/pψ(t) log
2
t
dt <∞.
From conditions (1.4) and (4.1), we observe that the commutator [b, Uψ] is more
singular than Uψ. Such results were extended by Z. Fu, S. Lu [8] to Morrey
spaces, by N.M. Chuong, H.D. Hung [1] in case T is Hardy-Cesa`ro operators.
In [11], H.D. Hung and L.D. Ky obtained sufficient and necessary conditions on
weight functions so that the commutator of these weighted multilinear Hardy-
Cesa`ro operator (with symbols in central BMO space) are bounded on the
product of central Morrey spaces.
Notice that there are several results on commutator for other type of Hardy
operators or even for some class of Hausdorff operators (for example see [1, 7,
8, 6, 10, 11] and references therein). But there is only partial such results for
the commutator operator [b, Uψ], with symbols are Lipschitz, in Morrey-Herz
space by Tang-Xue-Zhou [16]. In this section, we will improve this result and
extend it to the operator Um,n
ψ,−→s
. At first, let us remind the definition of the
multilinear commutator generated by Um,n
ψ,−→s
.
Definition 4.1. Let m,n ∈ N, ψ : [0, 1]n → [0,∞), s1, . . . , sm : [0, 1]
n → R,
b1, . . . , bm be locally integrable functions on R
d and f1, . . . , fm : R
d → C be
measurable functions. The commutator of weighted multilinear Hardy-Cesa`ro
operator Um,n
ψ,−→s
is defined as
(4.2)
Um,n,
−→
b
ψ,s (f1, . . . , fm) (x) :=
∫
[0,1]n
(
m∏
k=1
fk (sk(t)x)
)(
m∏
k=1
(bk(x)− bk (sk(t)x))
)
ψ(t)dt.
Our main result in this section is as follows.
Theorem 4.1. Let αi > −d, 1 ≤ q ≤ qi <∞, 0 ≤ ri, 1 ≤ pi <∞, 0 < βi < 1,
0 < β < 1, 0 ≤ λi, λ ≤ 1 for i = 1, . . . , m with α = α1 + · · · + αm > −d,
β = β1 + · · ·+ βm, λ = λ1 + · · ·+ λm,
1
p
= 1
p1
+ · · ·+ 1
pm
, and 1
q
= 1
q1
+ · · ·+
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1
qm
+ 1
r1
+ · · ·+ 1
rm
. Suppose that bi ∈ Lip
βi and ωi as in (3.1) for i = 1, . . . , m.
Functions s1(t), . . . , sm(t) 6= 0 almost everywhere t ∈ [0, 1]
n such that
(4.3)
∫
[0,1]n
(
m∏
i=1
|si(t)|
−
d+γi
qi
+λi−αi |1− si(t)|
βi
)
ψ(t)dt <∞
Then the commutator Um,n,
~b
ψ,~s is determined as a bounded operator fromMK˙
α1,λ1
p1,q1 (ω1)×
· · · × MK˙αm,λmpm,qm (ωm) to MK˙
α′,λ
p,q (ω) when 0 < p < 1 and λ > 0 or when
1 ≤ p <∞ and λ ≥ 0. Here
(4.4) α′ = α−
m∑
i=1
βi −
m∑
i=1
d+ γi
ri
.
When m = n = 1, ω1 =
1
|B0|
, s1(t) ≡ t, let U
b
ψ = U
1,1,~b
ψ,~s , we obtain the
following result.
Corollary 4.1. Let ψ : [0; 1] → [0;∞) be a measurable function, 0 < β < 1,
b ∈ Lipβ(Rd), 1 ≤ q2 ≤ q1 <∞. If
(4.5) A =
1∫
0
t
−
(
γ1−λ−
d
q1
)
(1− t)ψ(t)dt <∞,
then U bψ is bounded fromMK˙
α1,λ
p,q1
toMK˙α2,λp,q2 , where α1 = α2+β+d
(
1
q2
−
1
q1
)
.
In [16], to obtain the boundedness of U bψ from MK˙
γ1,λ
p,q1
to MK˙γ2,λp,q2 , the au-
thors required a sufficient condition condition on ψ that
C =
1∫
0
t
−
(
γ1−λ−
d
q1
)
ψ(t)dt <∞.
Since 0 ≤ t ≤ 1, then A ≤ C. In fact by choosing ψ(t) = t
1−t
, γ1 − λ−
d
q1
= 1
then it is easy to see that C = ∞ but A < ∞. Thus our results extend and
strengthen results in [16].
Proof of Theorem 4.1. If f and g are expressions, we will write f . g if there
is some constant C such that f ≤ Cg. To simplify the proof we denote
B =
m∏
i=1
‖bi‖Lipβi ,
ψ˜(t) =
(
m∏
i=1
|1− si(t)|
βi
)
ψ(t),
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and
ψ(t) =
(
m∏
i=1
|si(t)|
−
d+γi
qi
)
ψ˜(t),
For any x ∈ Ck and bi ∈ Lip
βi , it is easy to check that
m∏
i=1
|bi(x)− bi(si(t)x)| ≤B ·
(
m∏
i=1
|si(t)− 1|
βi
)
· 2k(β1+···+βm).(4.6)
Hence,
‖Um,n,
~b
ψ,~s (f1, . . . , fm)χk‖q,ω
≤
∫
[0,1]n
∫
Ck
m∏
i=1
|fi(si(t)x)|
q
m∏
i=1
|bi(x)− bi(si(t)x)|
q ω(x)dx
1/q ψ(t)dt
. 2k(β1+···+βm) B
∫
[0,1]n
∫
Ck
m∏
i=1
|fi(si(t)x)|
q ω(x)dx
1/q ψ˜(t)dt
. 2k(β1+···+βm) B
∫
[0,1]n
m∏
i=1
∫
Ck
|fi(si(t)x)|
qi ωi(x)dx
1/qi m∏
i=1
∫
Ck
ωi(x)dx
1/ri ψ˜(t)dt,
where the last inequality is obtained by using Ho¨lder’s inequality. Noting that
ωi ∈ Wγi gives
(4.7)
∫
Ck
ωi(x)dx . 2
k(d+γi).
Hence, by simple change of variables using (4.5), we get
‖Um,n,
~b
ψ,~s (f1, . . . , fm)χk‖q,ω
. 2k(β1+···+βm) B
∫
[0,1]n
m∏
i=1
 ∫
si(t)Ck
|fi(y)|
qi |si(t)|
−d−γiωi(y)dy

1/qi
m∏
i=1
(ωi(Ck))
1/ri ψ˜(t)dt
. 2k(α−α
′) B
∫
[0,1]n
m∏
i=1
 ∫
si(t)Ck
|fi(x)|
qi ωi(x)dx

1/qi
ψ(t)dt.
Since si(t) 6= 0 almost everywhere t ∈ [0, 1]
n, we could find an interger ℓi
such that 2ℓi−1 < si(t) ≤ 2
ℓi. Thus si(t)x ∈ Ck+ℓi−1 ∪ Ck+ℓi for any x ∈ Ck.
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Therefore
(4.8)
‖Um,n,
~b
ψ,~s (f1, . . . , fm)χk‖q,ω . 2
k(α−α′) B
∫
[0,1]n
m∏
i=1
(‖fiχk+ℓi−1‖qi,ωi + ‖fiχk+ℓi‖qi,ωi)ψ(t)dt.
Now we consider the following cases:
Case 1: Suppose that 1 ≤ p <∞ and λ ≥ 0. By Lemma 3.1, we have
‖Um,n,
~b
ψ,~s (f1, . . . , fm)‖MK˙α′,λp,q (ω)
= sup
k0∈Z
2−k0λ
(
k0∑
k=−∞
2kpα
′
‖Um,n,
~b
ψ,~s (f1, . . . , fm)χk‖
p
q,ω
)1/p
. B sup
k0∈Z
2−k0λ
 k0∑
k=−∞
2kpα
 ∫
[0,1]n
m∏
i=1
(‖fiχk+ℓi−1‖qi,ωi + ‖fiχk+ℓi‖qi,ωi)ψ(t)dt

p
1/p
. B sup
k0∈Z
2−k0λ
∫
[0,1]n
(
k0∑
k=−∞
2kpα
m∏
i=1
(‖fiχk+ℓi−1‖qi,ωi + ‖fiχk+ℓi‖qi,ωi)
p
)1/p
ψ(t)dt
. B sup
k0∈Z
2−k0λ
∫
[0,1]n
(
k0∑
k=−∞
2kpα
m∏
i=1
(
‖fiχk+ℓi−1‖
p
qi,ωi
+ ‖fiχk+ℓi‖
p
qi,ωi
))1/p
ψ(t)dt.
It is worth noting that
m∏
i=1
(ai,0 + bi,0) =
∑
j1,...,jm=0,1
m∏
i=1
ai,ji,
where the sum is taken over all (j1, . . . , jm) for which j1, . . . , jm ∈ {0, 1}. Thus,
‖Um,n,
~b
ψ,~s (f1, . . . , fm)‖MK˙α′,λp,q (ω)
. B sup
k0∈Z
2−k0λ
∫
[0,1]n
(
k0∑
k=−∞
2kpα
( ∑
j1,...,jm=0,1
m∏
i=1
‖fiχk+ℓi−ji‖
p
qi,ωi
))1/p
ψ(t)dt
. B sup
k0∈Z
2−k0λ
∫
[0,1]n
( ∑
j1,...,jm=0,1
(
k0∑
k=−∞
2kpα
m∏
i=1
‖fiχk+ℓi−ji‖
p
qi,ωi
))1/p
ψ(t)dt
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. B sup
k0∈Z
2−k0λ
∫
[0,1]n
∑
j1,...,jm=0,1
(
k0∑
k=−∞
2kpα
m∏
i=1
‖fiχk+ℓi−ji‖
p
qi,ωi
)1/p
ψ(t)dt
. B sup
k0∈Z
2−k0λ
∫
[0,1]n
∑
j1,...,jm=0,1
(
m∏
i=1
(
k0∑
k=−∞
2kpiαi‖fiχk+ℓi−ji‖
pi
qi,ωi
))1/pi
ψ(t)dt
. B
∫
[0,1]n
∑
j1,...,jm=0,1
(
m∏
i=1
sup
k0∈Z
2−k0λi
(
k0∑
k=−∞
2kpiαi‖fiχk+ℓi−ji‖
pi
qi,ωi
))1/pi
ψ(t)dt
. B
∫
[0,1]n
∑
j1,...,jm=0,1
(
m∏
i=1
‖fi‖MK˙αi,λipi,qi (ωi)
(
m∏
i=1
2(ℓi−ji)λi
)(
m∏
i=1
2(−ℓi+ji)αi
))
ψ(t)dt
. B
∫
[0,1]n
∑
j1,...,jm=0,1
(
m∏
i=1
‖fi‖MK˙αi,λipi,qi (ωi)
)(
m∏
i=1
|si(t)|
λi−αi
)
ψ(t)dt
. B
(
m∏
i=1
‖fi‖MK˙αi,λipi,qi (ωi)
) ∫
[0,1]n
∑
j1,...,jm=0,1
(
m∏
i=1
|si(t)|
λi−αi
)
ψ(t)dt
. B
(
m∏
i=1
‖fi‖MK˙αi,λipi,qi (ωi)
) ∫
[0,1]n
(
m∏
i=1
|si(t)|
λi−αi
)
ψ(t)dt.
From the hypothesis (4.3), we deduce that
∫
[0,1]n
(
m∏
i=1
|si(t)|
λi−αi
)
ψ(t)dt is fi-
nite. Thus Um,n,
~b
ψ,~s is bounded from MK˙
α1,λ1
p1,q1 (ω1) × · · · × MK˙
αm,λm
pm,qm (ωm) to
MK˙α
′,λ
p,q (ω).
Case 2: Suppose that 0 < p < 1 and λ > 0. The following lemma will be
useful for proving the second case. By (4.6) and Lemma 3.2, we have
‖Um,n,
~b
ψ,~s (f1, . . . , fm)‖MK˙α′,λp,q (ω)
. B sup
k0∈Z
2−k0λ
 k0∑
k=−∞
2kpα
 ∫
[0,1]n
m∏
i=1
(‖fiχk+ℓi−1‖qi,ωi + ‖fiχk+ℓi‖qi,ωi)ψ(t)dt

p
1/p
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. B sup
k0∈Z
2−k0λ
 k0∑
k=−∞
2kpα
 ∫
[0,1]n
m∏
i=1
(
2(k+ℓi−1)(λi−αi) + 2(k+ℓi)(λi−αi)
)
‖fi‖MK˙αi,λipi,qi (ωi)
ψ(t)dt

p
1/p
. B
(
m∏
i=1
‖fi‖MK˙αi,λipi,qi (ωi)
)
· sup
k0∈Z
2−k0λ
 k0∑
k=−∞
2kpα ·
m∏
i=1
2k(λi−αi)p
 ∫
[0,1]n
m∏
i=1
|si(t)|
λi−αiψ(t)dt

p
1/p
. B
(
m∏
i=1
‖fi‖MK˙αi,λipi,qi (ωi)
) ∫
[0,1]n
m∏
i=1
|si(t)|
λi−αiψ(t)dt
 sup
k0∈Z
(
k0∑
k=−∞
2(k−k0)λp
)1/p
.
We here remind that λ = λ1 + · · ·+ λm and α = α1 + · · ·+ αm. Since λ > 0,
the series
k0∑
k=−∞
2(k−k0)λp is convergent and its sum is a constant, not depend
on k0. Therefore
‖Um,n,
~b
ψ,~s (f1, . . . , fm)‖MK˙α′,λp,q (ω)
. B
(
m∏
i=1
‖fi‖MK˙αi,λipi,qi (ωi)
) ∫
[0,1]n
m∏
i=1
|si(t)|
λi−αiψ(t)dt
 .
This completes our proof of Theorem 4.1. 
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